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ERRATUM 

IN " AN EXPOSITION OF THE NATURE, FORCE, ACTION, AND OTHER 
PROPERTIES OF GRAVITATION ON THE PLANETS." 

Cancel the words " and the greater action an excess of I of the 
distance C c" &c. in page 16, to the end of the sentence ; and in 
lieu thereof, read as follows : — ** and the action of that greater force 
generates a decrease of I of the distance C c ; but ^ is the square root 
of If wherefore the force is to the action inversely as the square root 
of I to I. So that if B S represents the greater force, the ratio of B S 
to the resultant of the force and its action is compounded of the 
ratios of B S to t^^, and of j^ ^ to ^ ; and if C S represents the 
resultant, or action of the force at C, then the ratio of B S to C S is 

compounded of the inverse ratios of B S to C S , and of C S' to 

C S. But the ratio of C S to C S is inverse to that of the forces, 

wherefore the ratio of B S to C S' is compounded of the ratio of the 
forces and of the ratio of the greater force to its action ; tliat is, be- 
cause B S does represent the greater force at C, and C S does re- 
present the action at C, B S is to C S' as the greater force at C is 
to its action." 



cities and their distances, and between their 
velocities and periodic times. He showed 
that these analogies are conformable to the 
famous analogy discovered by Kepler in the 




beginning of the 17th century, viz. that the 
squares of the periodic times are as the cubes 
of the mean distances ; by demonstrating it 
from his own two analogies, which he con- 
sidered as an abundant confirmation of their 
truth. He was thence led to notice that 
similar analogies prevail among the satellites 
of Jupiter, and among the satellites of Saturn; 
that is, that the satellites of each of those 
planets observe this relation as among them- 
selves, but not as among the satellites of 
one of those primaries in common with those 
of the other, nor in common with the pla- 
nets ; the cause of which diversity the 
Author was induced to ascribe to the differ- 
ent degrees of the force of gravitation of the 
Sun, of Jupiter, and of Saturn ; from thence 
he inferred and computed the ratios of the 
respective densities of the attracting bodies. 
But the Author did not in that short treatise 
attempt to trace these analogies to any pro- 




ducing cause or causes, upon general prin- 
ciples, contenting himself with having estab- 
lished their existence, in point of fact. 

Since the publication of that work, the ^ 
Author has taken great pains to investigate 
the nature and properties of the gravitating 
and centrifugal forces (which are the two 
producing causes of the motions of the pla- j 
nets in their orbits) ; in which enquiry he 
proceeded upon established mechanical piin- 
ciples, and having in this manner computed 
the force of the Sun's gravitation upon each , 
planet, he compared their respective gravi- 1 
tating forces thus found with their meani 
velocities, and he found the forces to be in ' 
the exact ratio of their velocities ; and, con- ' 
sequently, inversely as the square-roots of 
the distances, and also inversely as the cube- 
roots of their periodic times. The success ( 
of this investigation emboldened him to en- J 
gage in the difficult attempt to trace these j 
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analogies up to those laws of mdtion^ or 
to those mechanical principles^ which the 
Author conceived must be their efficient, 
though latent^ causes. The Author was en- 
couraged to this arduous undertaking from 
the conviction that the analogies would be 
guides that he could depend upon in the 
desired discovery. 

The only method of proceeding which the 
proposed discdivery would admit of, was to 
form, a priori, a theory or hypothesis from 
which all these analogies might be demon- 
strated, or with which, at least, they would 
be consistent. This was a matter of imagi- 
nation or of conjecture* 

The Author's first conjecture (and he was 
so happy as not to have occasion to make a 
second) was that the vis or affection of 
gravitation proceeds from the Sun's whole 
hemisphere to the planets as a cone dimi- 
nishing towards the planets, and terminat- 
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ing ia points or vertices a little beyond them. 
According to this hypothesis the distances of 
the planets would be the altitudes of the 
cones ; and these altitudes, the resultants of 
the forces ; the ratio of which being inverse, 
it was to be inferred that the forces woiikl 
be inversely as the distances or altitudes ; 
but this did not agree with our analogies, 
according to which the forces are inverseli/ 
as the square-roots of the distances. 

This discrepancy, however, did not induce 
the Author to abandon his conjecture as itl- 
founded. He considered that to a certain i 
extent, though not altogether, the deductions ^ 
from his hypothesis were conformable to the 
analogy ; and he considered that the want of i 
their entire agreement was owing to some 
disturbing cause. This consideration set t 
the Author upon the discovery of the dis- 
turbing cause. 

He soon perceived that the action of gravi- | 
& 5 
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tation on the more distant of two planets was 
less oblique, and therefore greater than the 
action upon the nearer one, and that the 
ratio of this action was directly as the dis- 
tances; this he considered the disturbing 
cause, and on investigating it he found it to 
be the case, and therefore that his hypothesis 
was conformable to the analogy. 

In the following work the Author has de- 
monstrated the analogies from general prin- 
ciples, with which his hypothesis is consis- 
tent ; yet as his theories are pregnant with 
abundant matter for further speculations, he 
is aware that they ought not to be admitted 
without due investigation, lest they should 
prove to be a check, instead of a furtherance, 
to science. 

London, 
May, 1842. 



AN EXPOSITION, 



The analogy discovered by Kepler in the 
beginning of the seventeenth century, viz., 
that the cubes of the mean distances of 
the planets from the Sun are as the squares 
of their periodic times, is found to be inva- 
riably consistent with observationj^ and is 
therefore so firmly established, as not to 
admit of any theory or hypothesis being 
advanced that purports to be at variance 
with it. 

The author of these pages, taking this 
analogy as his basis, was induced to investi- 
gate the subject somewhat further, and in a 
short tract entitled, *' A new Analogy for 

A 6 
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determining the distances of the Planets 
from the Sun, and of the Satellites from 
their Primaries;" he has shown that the 
mean velocities of the planets are inversely as 
the square-roots of their distances from the 
Sun, and also inversely as the cube-roots of 
their periodic times ; which two analogies, as 
they confirm that of Kepler, are confirmed 
by his, and also confirm each other. 

The Author was further led to enquire 
what could be the nature of the force and 
action of gravitation, so as to produce the 
analogies which are shown to subsist be- 
tween the times, distances, and velocities of 
the planets. 

From these investigations (which have 
been made with the greatest dihgence as 
well as caution) it appears that the Sun's 
gravitation acts upon the planets as if it 
emanated from his whole hemisphere, in the 
figure of a cone, of which his hemisphere is 



the base, and of which the vertex is a point 
somewhat beyond the planet ; or taking 
/the centre of the Planet as the vertex of the 
cone (which will be near enough for our 
present purpose), the distance of the Planet's 
centre from the centre of the Sun will be the ■ 
altitude of the cone. 

Adopting this hypothesis, therefore, we 
are to consider that the force of gravitation 
upon a planet at any distance from the Sun 
acts in combination with a centrifugal force, 
generating an uniform motion of the planet 
in a direction at right angles (or nearly so) 
with the direction of the force of gravitation, 
or of the centripetal force ; and that the 
centripetal force (as we shall presently show) 
is equal to the force of gravitation at the 
planet's actual distance from the Sun, so ' 
that the two forces balance each other, and 
by their composition keep the planet in its 
orbit. Hence we may consider the distance 



I 
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of the planet from the Sun as the resultant 
of the force of gravitation. But inasmuch 
as this force diminishes as the distance in- 
creases^ the ratio of the force of gravity to 
the distance is inverse, and consequently the 
forces of gravitation, taken independently of 
their action, are hwersely as the distances. 

But we are to take into the account that 
the action of gravitation on a more distant 
iplaxietislessoblique, and consequently greater 
than the action of gravitation on a nearer 
one. 




For let s represent the Sun, and c and s 
two planets. Considering the force of attrac- 
tion to emanate from the Sun's hemisphere 
A H D K, the right line b s will be the result- 



f 
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ant of the action of this force on the further 
planet b ; and the right line c s will he the 
resultant of the action of the force on the 
nearer planet c. Hence the action of gravity 
at B, to that at c, is as B s to c s ; that is, it is 
directly as the distances. 

Hence the total force of gravitation at e 
and c respectively (that is, the force and its 
action together) is compounded of the inverse 
ratio of the distances, and the direct ratio of 
the action of gravitation. 

The ratio of the force of gravitation, taken 
apart from its action, is, as we have seen, 
inversely as the distances ; that is, the force 
at c is to that at b, as b a to c s ; but the 
izction of the force at c to that at b, is as 
c s to B s. 

And since in this case the greater force 
has the less action, we are to see in what 
degree the less action operates upon the 
planet at c, compared with the operation of 



16 



the greater force at c. Let us suppose that the 

b 

J ^B 

c d 

I I I r. 



force at c is double the force at b ; then (dis- 
regarding the action of the forces) in the 
time in which the force at b described the 
distance b b, the force at c would describe 
c c, the double of b b. But the a4ition of the 
forces is such, that when the force at b has 
described b b, the force at c (which would 
otherwise have described 2 b 6) has not 
described that distance by a space which is 
equal to half b b ; that is, by a space equal 
to c fl? = ^th of c c ; that is, the greater force 
generates an excess of -|- the distance c c, 
and the greater action an excess of \ of the 
distance c c ; but \ is the square root of -i, 
wherefore the action at c to the force at c 

is as c s^ to cs. The same will be the result 
whatever be the ratio of the forces. 
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Hence the total force, that is, the force of 

gravity and its action at c, is as bsxc s^. 
And in the same manner it may be shown 

that the total force at b, is as csxb s^. 
Wherefore, if f represents the total force at b; 

D, the distance b^; 
/, the total force at c ; 

and d, the distance c s ; 

F : / : : ax D^ : dx cF; 
and because of the equality of the products 
of extremes and means, 

1 J_ 

FX DX cF =/x rfx D* ; 

and^ dividing by the last term of each equation, 
FX D _/x d 

and dividing by the denominators, 

FX D* = fx d^; 
and making the fractions proportionals, 

1 X 

F : / : : gF : D* ; 
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that is^ the total centripetal farces are inversely 
as the square roots of the mean distances. 

Moreover, as we have above noticed, and 
as we have demonstrated in " A new Ana- 
logy,** &c., the mean velocities of the planets 
are inversely as the square roots of the dis- 
tances ; that is, 

wherefore by equality of ratios, 

V : t? : : F :/; 
and because the velocities of the planets are 
known, being ascertained with great cer- 
tainty by observation, this proportion affords 
another test for ascertaining the truth of our 
hypothesis. 

In order to ascertain the total force of the 
Sun's gravitation upon a planet, or the centri- 
petal force of a planet, e. g. of the Earth, we 
may consider the earth's orbit as being per- 
fectly circular instead of being elliptical. In 
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this case the Earthy in 
one fourth of its revolu- 
tion, would describe an 
arc of 90^ ; that is, the 
arc E ^, in a quarter of 
a year, or 91 'SI days. 

Let E, be the position of the Earth at 
the beginning, and e^ its position at the end, 
of that time ; and let e s represent the 
direction of the action of gravity at the 
point E, and e b ( = e s) the direction of the 
centrifugal force, (or of the projecting force 
originally impressed upon the earth) at the 
point £• 

It is obvious that when the earth arrives 
at the point ^, it is in the same position as 
it would have been in, if, being at rest in 
the point e, it had been impelled by two 
equal constant forces acting at right angles 
to each other in the directions e s, e b ; in 
which case the Earth's path would have 



been in the diagonal or chord %e. Com- 
paring, therefore, the results, we may con- 
sider the simultaneous action of two con- 
stant equal forces, represented by the right 
lines £ B, E s, as equivalent to the simulta- 
neous action of the centrifugal force and of 
gravity on the Earth. Since es and 
(= B b) are radii of the earth's orbit, 
its distance from the Sun, = 95,000,000 
English miles, it is obvious that each of 
these constant forces, es, and eb, would 
generate a velocity of 95,000,000 miles in 
91'31days, equal to 1,040,41 1 miles perdiei 
The Earth would, by the simultaneoi 
action of these constant forces move in the 
diagonal Ee of the square SEse, with a 
velocity =: v/2 (es'); that is, (making radius, 
or R, = E s) = v/2 (r^) ; which, expressed in 
numbers, = v^2(95,000,000') = 134,350,000 
English miles in 91*31 days; wliich is equal 



'J 
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Now the velocity of the Earth, if her 

orbit were perfectly circular, would be 

2r X 3-1415926 . „„. „„„ ., 

= _ __ — = 1,634,223 miles 

365-25 

diem, which exceeds what her velocity would 
be if she were propelled by the two con- 
stant forces above mentioned (viz. 1,470,261 
miles per diem), by 164,062 miles per diem ; 
which excess of velocity would be occa- 
sioned by her describing the arc e e, by her 
gravity and centrifugal force, instead of j 
describing the chord Ee by the two con- 
stant forces ; that is, by passing through a 
greater space in the same time. 

Since the force of gravity and the cen- 
trifugal force are equivalent, when acting 
simultaneously, to two equal constant forces 
acting simultaneously, we may consider the 
.force of the Sun's gravitation upon the 
■Earth, as equal to the Earth's centrifugal j 
force; nay, the Earth's centrifugal force 
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being that which produces an uniform 
motion, can be no other than that force 
which, acting alone, would cause the earth 
to move from e to b in the right line b b, 
that is, to describe the distance or space of 
95,000,000 miles in 91*31 days, or 1,040,411 
miles per diem . 

The properties of all the planets and of 
the satellites are the same in the above 
respects, if we consider their orbits as cir- 
cular. Hence, if r represents the radius 
or distance of a planet from the Sun, or of 
a satellite from its primary ; t, the time or 
period of its revolution; c its centrifugal 
force ; and o the force of the Sun's gravi* 
tation upon the Earth ; 




also G = c = 



Q 



S3 



ind G in H 
>ur days. ^ 



which will give the quantities c am 
terms of their velocities in each of our 

By which formula the force of the Sun's 
gravitation upon all the other planets is 
found to be nearly as follows : 

Mercury . . . 1,681,818 miles English 
per diem. 



Venus . 
Mars . 
Jupiter 
Saturn 
Georgian 



1,2U,208 
837,209 
452,446 
334,572 
234,240 



On comparing these forces (expressed in 
terms of their daily velocities) with the dis- 
tances of the planets from the Sun, the forces 
are found by actual computation to be in- 
versely as the square-roots of the distances, 
and consequently directly as the velocities, 
and thus our theory is established by fact. 

Thus we have deduced this relation be- 



I 
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tween the centripetal forces of the planet 
and their distances from the Sun, by a coun 
of mathematical reasoning founded on tb 
basis of Kepler's analogy ; and we have de 
termined upon other and different prind 
pies, the quanta of the centripetal force 
which are found to have that relation 
the distances which our deductions froi 
Kepler's analogy indicate. Hence we seei 
authorized to conclude that the analogy i 
established, according to the spirit of th 
fourth rule laid down by Sir Isaac Newtoi 
to be observed in deducing the laws by whic 
the motions of the heavenly bodies are r 
gulated, viz. " in experimental philosophy 
propositions collected from the phenomen 
by induction are to be deemed (notwith 
standing contrary hypotheses) either exactl 
or very nearly true, till other phenomen 
occur by which they may be rendere 
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either more accurate, or liable to excep- 
tions." 

This relation indeed is contrary to the 
received hypothesis, viz., that the centripetal 
forces of the planets are inversely as the 
squares of their distances from the Sun; 
whereas by our analogy the centripetal 
forces are inversely as the square-roots of 
their distances. 

Thus in applying the received hypothesis 
to the force of the Earth's gravitation on 
the Moon, it is commonly said, that that 
force acting at the distance of the Moon 
from the Earth, is to the force of gravity at 
the Earth's surface inversely as the squares 
of those distances respectively from the 
centre of the Earth; and because the 
Moon's distance, 240,000 miles, is equal to 
about 60 semi-diameters of the Earth (4000 
miles) ; therefore that the force of gravity at 
the Earth's surface is to its force at t\v^ 
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distance of the moon, as 60* to V, or as 
3600 to 1. 

By our analogy the ratio is as 60**" to IS 
that is, as 7*746 to 1. 
But by our Formula, 
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miles per diem, as the force of the Earth's 
gravitation on the Moon, which is veiy 
much greater than the force of gravitation 
which the received hypothesis assigns to 
it. 

In order to investigate this matter fully, 
it is necessary first to determine the force of 
the Earth's gravitation at her surface. 

Let R, the Earth's semi-diameter = 4000 
miles; t, the time of her rotation = 24 
hours ; and g = c ; (that is, to be such 
a gravitating force as would exactly ba- 
lance the centrifugal or rotatory force at 
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the Earth's surface, so that bodies at 
the Earth's surface, if without support, 
would not descend towards the centre) ; 



then would g be 



. 4000 



= 666-6 miles i 



1 hour ; or 16,000 miles per diem = c 
also. 

But the centrifugal force at the Earth's 
surface is not sufficient to balance the force 
of the Earth's own gravity, which causes 
all heavy bodies, if unsupported, to fall . 
towards the centre with a velocity of 16 j 
feet in the first second of time; and if we 
allow 16 feet per second as the obstruction 
of the vis inertice of gravitating bodies, the j 
excess of the Earth's force of gravity above i 
her centrifugal force at her surface would 
be 32 feet per second, equal to 523-6 miles i 
per day, which added to g would make 
16523*6 miles per day as the actual force of | 
the Earth's gravity at her surface. 

Now, since theforce of gta\\\,^aX.\hie£ia.i'C^^ 
e2 
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surface to that at the M oon^ is by our analogy 
as 7-746 to 1, the force of the Earth's 

gravitation on the moon is =2133 

^ 7-746 

miles per diem ; which is only about ^ part 

of 34,285^ the actual centripetal force of the 

Moon. 

If according to the received hypothesis 

the force of gravitation at the Moon were 

only gg^ooth part of what it is at the Earth's 

surface, the force of the Earth's gravitation 

on the Moon would be only = 4*6 

^ 3600 

miles per diem, which is about ^^-3- part 

of the Moon's actual centripetal force. 

If our reasoning is well founded we are 

led to enquire by what means the Moon's 

actual centripetal force can be so great as 

34,285 miles per diem, seeing that her gra- 

vitation towards the Earth is little more 

than at the rate of 2133 miles per diem. May 

there not be some other attractive power 
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between the Earth and the Moon besides 
gravitation, and greater than it? 

this additional attraction magnetism? 
Can it be, that the Earth, as a magnet, 
attracts the Moon to her, in addition to 
their mutual attraction of gravitation ? If 
some additional attraction, beside that of 
gravitation, is requisite to account for the 
appearances, or rather the realities of the 
phenomena of the motions of the Earth 
and the Moon, would the attraction of mag- 
netism be adequate or fit for the purpose, 
or is there any other kind of attraction 
which we can propose in heu of it ? 

It has been thought by some, that because 
the gravity of the Moon towards the Sun is 
greater than her gravity towards the Earth, 
the Moon at her conjunction ought necessa- 
rily to abandon the Earth, a consequence 
which would be inevitable if no other force 
acted on the Moon besides that of gravita- 
;uth, the centnpet^^g^^^^ 
B 3 
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Moon to the Sun, is to her centripetal f 
to the Earth as thirty to one nearly ; bu| 
both these centripetal forces are balance* 
by the Moon's centrifugal forces from thi 
Sun and Earth respectively. Her revolutio) 
round the Sun is the resultant of her centii 
petal and centrifugal forces with regard to 
him ; as her revolution round the Earth is 
the resultant of her centripetal and centrifaM 
gal forces with regard to the Earth. Th^H 
resultants are disturbing forces to each oth^H 
and their composition occasions irregulariti^l 
in the Moon's motions in her two orbits, fl 
The Moon's continually keeping the sanH 
hemisphere turned towards the Earth, fl 
consistent with the supposition that the ma^| 
netic influence subsists between the Ear^| 
and the Moon ; for in that case the niael 
netic pole of attraction of the Moon woulfl 
be continually turned towards the Eartfal 
and her pole of repulsion from it. fl 

I The Mnie of tUe iUooua rotation cotsfM 
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ponds with her synodic revolution (that is," i 
her period between one conjunction or op- 
position and another), and not with her ' 
sidereal revolution (that is, her period in ■ 
passing through the perimeter of her orbit); 
the number of her synodic revolutions being 
one less in every year than that of her 1 
sidereal revolutions. For this coincidence I 
the magnetic influence would be an adequate 
cause, and without such a cause the coinci- 
dence would appear fortuitous. Besides, to 
account for the Moon's continually turning 
the same hemisphere towards the Earth, 
except through the magnetic or some such 
like influence, there must be a combination 
of fortuitous circumstances, viz., a motion 
in such a direction as to countervail those 
new appearances of her surface which the 
Moon would present to the Earth if she had 
no rotation at all. It is obvious, that if the 
Moon's rotation were in the opposite direc- 
ition to what it is, oi ifbeT a^SsN^gte^'^.'^^^ 
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angles to its present direction, she would in 
every revolution exhibit her whole surface 
to the Earth. Moreover, consistently with 
actual appearances, her axis must accommo- 
date itself to the retrograde motion of the 
Moon's nodes of about 19° 19' 44" annually, 
taking this motion at a mean, and what is 
much more, must accommodate itself to 
the irregularities of this motion of the nodes 
in antecedentia, although the causes which 
produce these irregularities in the Moon's 
motion in her orbit could have no effect upon 
her rotation. Now rotatory motion being 
circular is therefore uniform, and an uniform 
rotatory motion would be continually at 
variance with the irregular motions of the 
Moon in its orbit. 

If we may be permitted to carry this rea) 
soning further, we might suggest an experi 
ment which would put our hypothesis ' 
the test, or at least exhibit it in anothej 
form. 
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Let E represent a 
very powerful magnet, 
suspended by two 
horizontal strings, 
fixed to the tops of 
two upright pillars ; 
and let a hollow ball 
of steel, M, be brought 
within the influence of the magnet, and 
projected from m in the direction mn, at 
right angles to a plane conceived to pass 
through the string and the pillars ; let the 
projecting force be conceived to be some- 
what less than the magnetic force, and the i 
magnetic force much greater (or 16 times 
greater) than the force of gravitation at m ; 
then, by the composition of the centripetal 
force M E, and the centrifugal force m n, the 
ball M, would describe the ellipse mprq; H 
supposing those to be the only forces acting ■ 
Upon the ball ; and the ellipse m p r q, would 



With this resultant, the force 
of gravity would enter into composition, 
the direction of which latter force would 
always be in a right Hne from the ball per- 
pendicular to the horizon. The force of 
gravity would therefore be a retarding force 
as the ball proceeded upwards from m to R 
through p, and would be an accelerating, 
force as the ball proceeded downvFards frd^ 
R to M through Q ; and the resultant of 1 
composition of this third force with 
resultant of the two others, would be 
depression of the altitude e r, and an ela 
gation of the depth e m ; that is, it woi^ 
lessen the excentricity of the orbit of til 
ball, which would continue to perform i 
revolutions round the magnet, in the sanS 
orbit which constituted its first revolution 
as the resultant of the composition of tM 
three forces, centrifugal, centripetal, an) 
gravity. For the acceleration of gravity, 
? bsW descended in its orbit, vjomVA Vte 
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equal to, and would therefore balance the 
retardation of gravity as the ball ascended ; 
and, consequently, the effect of gravity on 
the ball's motion would be expended in the 
first revolution. The only obstruction 
which the ball would afterwards meet with 
would be the atmospheric pressure, which 
would continually diminish (not the mag- 
netic force, or the force of gravity, but) the 
centrifugal force, and consequently the 
mean distance of the ball from the magnet, 
until, finally, the centrifugal force being 
entirely destroyed by this continually acting 
obstruction, the ball would be drawn into 
contact with the metgnet, and stop there. 

This apparatus would be a kind of model, 
exhibiting similar appearances to those of 
the Moon and Earth. If a lighted candle 
were placed at some distance from it, , 
nearly in the plane of the orbit, and if I 
a spectator stood near the candle, with his I 
■tye OB the same level vivtb \V, ftva ^«i!^ NjH 



I 




nilar phases | 



each revolution would exhibit similar f 
to those of the Moon in each of hers. The 
ball, when near its opposition, would exhi- 
bit the whole of its illuminated hemisphere 
(like the Moon when at full) ; when near 
its conjunction, the ball would present its 
dark side, as the Moon does hers at her 
change ; and when the ball was in and 
near its quadratures, its bright parts would 
have the appearances of half-moons and 
crescents. Besides these appearances, 
ball would, in each revolution, undergo i 
eclipse by the magnet, (viz. when in opn 
sition,) and, when in conjunction, woq 
perform a transit over the magnet's disc,: 
a spectator conveniently situated for 
serving these appearances. 

But to return. Because f : f : : v : v ; i 



because v : « : 



: T^ ; it follows by eqiU 



lity of ratios that F :/ : : P : t''. 
It remains therefore to discover 
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assign the property or properties of the 
forces and motions from which this analogy 
springs. 

In uniform motions the forces are as the 
velocities, and the forces and also the velo- 
cities are inversely as the times. Hence the 
squares of the forces in uniform motions are 
as the squares of the velocities, and inversely 
as the squares of the times ; the times being 
understood to be those in which equal spaces 
are described. 

If the orbits of the planets were circles, 
their motions would be uniform ; and taking 
them to be so, it follows that since the 
velocities of any two planets are as the 
square roots of their distances from the Sun, 
the times in which those two planets would 
describe equal spaces in their orbits, are in- , 
Versely as the square roots of those times, 
But when we speak of the times of the planets, 
we do not mean the times in which they 
describe equal spaces in th,ev\ o'£\A\fi>,\i\&'v!(»M 



periods in which they respectively dest 
their complete revolutions. Therefore, to d 
tinguish the times in which equal spaces a 
described from the times of performing tin 
revolutions, we shall call the latter period{ 
and use the word times in the fori 
sense. 

Since in uniform motions the times i 
inversely as the velocities, which as 
have seen are as the forces; and becauj 

V : z) : : f?* ; D^ ; 

therefore t ; i : : d^ : (f*, 
in which expression it is to be understood 
that D and d denote the distances from the 
Sun, and not the spaces described. 

Now these proportionals denote the ratios 
of the velocities with which equal spaces 
would be described, and of the times in 
which equal spaces would be described. 
But the spaces described by the planets in 
an entire revolution are as their distances 
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from the Sun, so that the periods of the 

planets are compounded of the ratios of 

_i 1 
D^to cP, and of d to d. Hence taking Fp sls 

denoting their periods, 

J. 1 

F : p :: (d* x d) : (cF x d) ; 

and multiplying extremes and means, 

1 X 

(Fxd^ xd):={pxD^ X d) ; 
that is, 

*(pxd^ = (;)XD^; 
and squaring both sides, 

p2 X flP = JO* X d' ; 
and transforming the factors into propor- 
tionals, 

p* : p^ :: D^ : d^; 
which is the expression of Kepler's analogy, 
and is therefore a demonstration of it. 

Now we have assigned the causes from 
which we have demonstrated, first, that 

F :/:: cF : d"^ . . . (a); 

♦ For d=cfi X d^ ; wherefore d^ X d=^xd^ y^d^—^)^—^ 
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and 2ndly» that 

T^ :p^ :: D^ : cP; . . (b). 
Hence it is obvious that by squaring all 
the terms in the expression (a), 

F* :/* :: d : v; 
and extracting the cube-root of all the terms 
in the expression (b), 

p* : p^ :: D : d; 
wherefore (by equality of ratios), 

r :/* ::p^ : p^ ; 
and extracting the square-root of all the 
terms in this last expression ; 

F : f :: p^ : p^ ; 
that is, the forces are inversely as the cube- 
roots of the periodic times ; which is the 
remaining proposition that was required to 
be demonstrated. 



THE END. 
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